Abstract. A proof of the Riemann-Roch theorem without denominators is given. It is also proved that Grothendieck's ring functor CH mult is not an oriented cohomology pretheory.
§1. Riemann-Roch theorem without denominators

Theorem. Let X be a nonsingular variety over a field k. Let i : Y → X be a closed embedding of an irreducible subvariety Y of codimension d. Then the following relation is true in CH
d (X):
Proof. The proof is given in Subsections 1.1-1.3.
1.1. Reduction to the case of the zero section of a projective bundle.
Reduction to the case of a nonsingular Y . From now on, we write
Let Z be the subvariety of singularities of Y . Let i : Y −Z → X −Z be the regular embedding of the nonsingular variety Y − Z. We consider the exact sequence of localization,
where CH d (Z) = 0 because dim Z < d. Thus, we have an isomorphism
Under this isomorphism, the classes c d (i K O Y ) and (−1)
, respectively. This reduces the proof to the case where Y is nonsingular. [Y ] are functorial with respect to transversal squares (see [Pa] ); i.e., for a transversal square
Lemma 1 (Properties of the classes
Proof. 1. From the commutative diagrams
we obtain
2. This is a special case of item 1, where we put X = X − Y , Y = ∅, and φ = j. The lemma is proved.
2. Deformation to the normal cone. In the case of a nonsingular variety Y , we have the following commutative diagram of deformation to the normal cone [Pa] :
where both squares are transversal. For the Chow groups, we obtain the commutative diagram In our setting, we see that, since the classes occurring in formula (1) are functorial with respect to transversal squares (see Lemma 1), it suffices to prove (1) for the embedding Y t → X t . By Lemma 1, the elements in question lie in Kerj CH t . Lemma 2 shows that, to prove that the elements are equal in CH d (X t ), it suffices to check that their images under j CH 0 are equal, i.e., by Lemma 1, that the corresponding classes for the embedding s : Y → P(1 ⊕ N ) are equal (the zero section).
Thus, we may assume that X = P(E) for a vector bundle E/X and that i = s is the zero section.
Reduction to the embedding of a
be the field of rational functions on Y . We consider the transversal square
where ψ is the embedding of the generic point and φ is the embedding of the generic fiber. Passing to the Chow groups, we obtain the following commutative diagram: 
Now, the proof of formula (1) reduces to checking the identity
Applying the isomorphism ψ CH and introducing the notation
we obtain the equivalent identity
. Applying the homomorphism s CH to the latter identity and taking into account the relation
, which is precisely formula (1) for the embedding pt → P d .
The case of an embedding
. Now, we prove formula (1) in the case where Y = pt is a k-rational point, X = P n k , and i : pt → P n k is an embedding. By the projective bundle theorem, we have
Moreover,
Therefore, in this case, (1) is equivalent to the relation
Consider the Koszul complex
Here, Q * is the vector bundle dual to the universal quotient bundle over P n . We have
(1 − kζ)
where ζ = c 1 (O(1) ). For brevity, we denote the latter product by Π. Taking the logarithm of Π, we obtain (the calculation below makes sense because ζ is nilpotent)
Finally,
where
Since the S n,j differ from the second kind Stirling numbers by the factor (−1) n−1 n!, we have
Using (2), finally we obtain
In the paper [Gr] , Grothendieck introduced the functor [Gr] , it was denoted byÃ) as the direct product of groups (the second factor is regarded as the multiplicative subgroup of invertible elements in CH(X)). The product in CH mult (X) is defined so that the natural transformation of functors c mult :
is a homomorphism of rings. In more detail,
and multiplication is given by the formulas
In that way, CH mult becomes a ring functor. The functor CH mult is not an oriented cohomology pretheory in the sense of [PS] , because the projective bundle theorem fails: though the ring CH mult (P n ) is a free Z = CH mult (pt)-module of rank n + 1, it has no generators of the form 1, ζ, ζ 2 , . . . , ζ n+1 (see §2). The ring CH mult allows us to calculate c(O pt ) ∈ CH(P n ) without using the Koszul complex. Specifically,
By the binomial formula, we obtain
We have
Remark. In the case of the embedding of a rational point into a projective space, the Riemann-Roch formula without denominators can also be proved with the help of the Riemann-Roch-Grothendieck formula for this embedding, because the Chow ring of the projective space has no torsion. §2. 
mult (X) = 0, k > n. This filtration has the property
(for p = 0, we assume that X is connected); i.e., the graded module GCH mult (X) associated with the filtration CH (p) mult is isomorphic to CH(X). Since CH(P n ) is a free Z-module of rank n + 1, we see that CH mult (P n ) is also a free Z-module of rank n + 1. Moreover, it is easy to show that if ζ is a generator of CH 1 (P n ), then the elements e 0 = 1, e 1 = (0, 1 + ζ), e 2 = (0, 1 + ζ 2 ), . . . , e n = (0, 1 + ζ n ) form an additive basis of CH mult (P n ). 2. Now, let ζ mult = (m, 1 + a 1 ζ + o(ζ)) be an arbitrary element of CH mult (P n ). We may assume that m = 0. If a 1 = 0, i.e., ζ mult ∈ CH
mult , then the powers ζ k mult , k ≥ 1, also belong to CH (2) mult , and obviously, cannot form a basis of CH mult (P n ).
Thus, we may assume that a 1 = 0. A computation similar to that in the proof of the Riemann-Roch theorem without denominators shows then that
This means that, expanding the elements 1, ζ mult , . . . , ζ n mult with respect to the basis e 0 , e 1 , . . . , e n , we obtain a lower triangular matrix with entries (−1) s a 1 (k − 1)! on the diagonal. Thus, |a 1 | = 1, and 1, ζ mult , . . . , ζ n mult is not a basis if n = 0, 1, 2.
